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This work addresses the issue concerning a method to control nonequilibrium systems 
by using fluctuation theorems and the trade-off relation between work fluctuation and 
fluctuation in dissipation. We derive quantum fluctuation theorems under measurement 
and feedback control, which allows us to study how to suppress dissipation during a 
general quantum measurement and a feedback control. We derive the trade-off relation 
and propose a method to construct an explicit protocol that minimizes both work 
fluctuation and fluctuation in dissipation as much as possible. We show that the lower 
bound of the trade-off relation is quantified by the degree of nonequilibriumness of the 
initial and final states as measured in terms of the information distance.  
 
Recent developments in nonequilibrium statistical mechanics by using the information-
theoretic analysis of the thermodynamic processes enable us to formulate 
thermodynamic relations (e.g. the second law of thermodynamics) for arbitrary 
nonequilibrium initial and final states. These relations can be used to quantify 
thermodynamic costs of information encoding and erasure processes as well as to 
quantify the extractable work from information heat engines. Owing to the 
improvements of the experimental techniques to measure and to control the microscopic 
degrees of freedom of small fluctuating systems, information heat engines (the Szilard 
engine) and Landauer ’s information erasure process have been demonstrated in 
mesoscopic and nano systems. In those experiments, work fluctuates due to thermal 
fluctuations, and the work probability distribution is obtained by repeating the 
experiments in the same setup many times. In those general situations, we want to 
reduce work fluctuation and narrow the width of the work probability distribution. This 
also allows us to inject into the system an exact amount of work needed to complete the 
task, or to extract a fluctuation-free work from the system. We also want to reduce 
dissipation and shift the center of the work probability distribution to extractable the 
maximum value of work from the system. Thus, suppressing both work fluctuation and 
energy dissipation as much as possible is vital to control nanosystems that work at the 
level of thermal fluctuations.  
Previous studies have explored the regime around vanishing work fluctuations by using 
techniques of quantum information theory known as the single-shot statistical 
mechanics and the regime around vanishing dissipation by using the nonequilibrium 
equalities and the second law of thermodynamics. Those theoretical tools allow us to 
study the fundamental bounds on thermodynamics of the small (quantum) systems. The 
nonequilibrium equalities have experimentally been verified and also used to extract 
information about physical quantities via the experimentally observed thermodynamic 
quantities.  
 
In this thesis, we derive quantum fluctuation theorems under measurement and 
feedback control, which can be used to analyze the nonequilibrium dynamics of the 
general quantum measurement process as well as the feedback control process. We 
derive explicit forms of the path probabilities for the measurement and the feedback 
control processes, and also define physical quantities such as the extractable work and 
the information quantity for each trajectory. Then, we derive the detailed fluctuation 
theorems and also the quantum Jarzynski equalities under measurement and feedback 
control. From the obtained equalities, we can reproduce the second law of 
thermodynamics under measurement and feedback control obtained by Sagawa and 
Ueda. Moreover, the obtained equalities can be used to search for a method to suppress 
dissipation during the measurement and the feedback control processes. We also clarify 
the difference between the classical system and the quantum system by focusing on the 
information quantity that enters into the fluctuation theorems. We expect that the 
obtained quantum Jarzynski equalities can be experimentally tested, and also can be 
utilized to extract useful information about the thermodynamic quantities in the 
quantum regime. 
We then focus on the issue of minimizing both work fluctuation and dissipation as much 
as possible. The second main result in this thesis is the trade-off relation between work 
fluctuation and fluctuation in dissipation. This trade-off relation gives the fundamental 
lower bound on fluctuations of work and dissipation in terms of the information distance, 
and it implies that work and dissipation cannot take definite values simultaneously. We 
have also constructed an explicit protocol which achieves the lower bound of the obtained 
trade-off relations between work and dissipation, as illustrated in Fig. 1. This protocol 
connects a set of the given initial state and the Hamiltonian to a set of the given final 
ones by reducing both work fluctuation and fluctuation in dissipation as much as possible 
if either the initial state or the final state is a canonical distribution. We note that the 
obtained protocol reproduces the thermodynamically reversible protocol in the limit of 
vanishing fluctuation in dissipation, and also reproduces the deterministic work 
extraction protocol in the limit of vanishing work fluctuation. In particular, we obtain a 
method to derive single-shot results from the detailed fluctuation theorem, and thereby 
give connections between two different approaches to the (quantum) thermodynamics, 
i.e., single-shot statistical mechanics and stochastic thermodynamics. We also analyzed 
the extractable work and the dissipation (the dissipated work) during each step of the 
protocol given in Fig. 1 in terms of the information distances and clarify their 
thermodynamic meanings. Therefore, we expect that the obtained protocol which 
achieves the lower bound of the trade-off relation brings about an essential insight into 
how to control thermodynamic systems under nonequilibrium situations. 
Fig. 1. Protocol achieving the lower bound of the trade-off relation. We denote (𝑝, 𝐻) 
as a pair of the state 𝑝 and the Hamiltonian 𝐻. We note that if either the initial state 
or the final state is a canonical distribution, we can minimize both the   work 
fluctuation and the fluctuation in dissipation simultaneously.  
